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A stationary isothermal model of the aerodynamics of a two-phase flow in an axisymmetric channel has been
constructed with allowance for the turbulent and pseudoturbulent mechanisms underlying the transfer of the
solid phase momentum. The equations of dispersed phase motion are closed at the level of the equations for
the second moments of the pulsation velocities of particles, whereas the equation of momentum transfer of the
carrier is closed on the basis of a one-parameter model of turbulence extended to the case of two-phase tur-
bulent flows. The results of calculations are compared with experimental data.

Introduction. In view of the complexity of carrying out an experiment aimed at obtaining detailed informa-
tion on the aerodynamic structure of gas-disperse turbulent flows, of great importance is the construction of mathemati-
cal models of such a class of flows and carrying out numerical investigations on their basis. In describing the behavior
of particles in rarefied two-phase media (at a low effective concentration of a dispersed phase χ) attention is mainly
paid to a turbulent mechanism of solid phase transfer, since the role of the pseudoturbulent component of the energy
of random motion of particles owing its origin to interparticle collisions is insignificant. With an increase in the value
of χ and in the inertia of particles the contribution of the pseudoturbulent energy to the dispersed phase momentum
transfer increases.

In highly concentrated disperse systems, where the kinetic turbulent energy of a gas is small, the determining
role in the formation of the statistical properties of the system is played by interparticle interactions. It is assumed that
modeling of the interaction of particles is similar to the description of the interaction of the carrier molecules; there-
fore, the behavior of the solid phase is characterized with the aid of the kinetic theory of dense gases [1]. Here the
Enskog equation is used for the velocity distribution function of particles, which is approximated by the Maxwellian
distribution function obtained from the Boltzmann equation for a homogeneous stationary state on the condition that
the molecular features are additive invariants, even though the system of equations given in [1] is nonstationary and
the interparticle collisions are inelastic. Moreover, the Maxwellian distribution function does not account for the cou-
pling between the velocity components, which does not allow one to take into account the redistribution of pulsation
energy between them. This property substantially restricts the application of the Maxwellian distribution function. The
latter can be used only in the case of an isotropic energy field of the ransom solid phase motion.

Unlike [1], where the approach to the construction of the model was restricted to consideration of the phe-
nomena related only to a pseudoturbulent motion of particles, in [2] an attempt was made to digress outside the scope
of the concepts considered by incorporating, into the model of [1], the influence of turbulent effects on the behavior
of a two-phase ascending flow in a tube over its stabilized portion using a two-parameter model of turbulence ex-
tended to the case of gas-disperse flows. The involvement of particles in the pulsation motion of the carrier medium
was taken into account with the aid of a mixed correlation moment �ug′ up′ � appearing in the equations of transfer of

kg, εg, and kp: �ug′ up′ � = 
4δξ(ug − up)2

√⎯⎯π  ρpβ√⎯⎯kp
. From this expression it follows that for kp → 0 (β → βmax (the particles are

densely packed)) the correlation �ug′ up′ � → ∞. This result is nonphysical, since with kp → 0 the pulsation velocity of

particles tends to zero; consequently, �ug′ up′ � → 0. As to fine particles for which ug − up → 0, this expression suggests
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that �ug′ up′ � → 0, although actually �ug′ up′ � ≠ 0. Thus, the formula considered must have substantial restrictions as to the

size of particles and their concentration, although no mention is made of it in [2].
Work [3] presents a kinetic model that simultaneously takes into account turbulent and pseudoturbulent ef-

fects. The latter are modeled by the Boltzmann integral operator in Enskog’s form. The solution of the kinetic equa-
tion for the probability density function was constructed by the perturbation method: the first term of the expansion is
the Maxwellian velocity distribution of particles, the second term is expressed as a combination of two particular so-
lutions one of which describes turbulent effect and the other — pseudoturbulent ones.

In the present work, to calculate stationary isothermal motion of a gas-disperse flow in an axisymmetric chan-
nel within the framework of so-called two-fluid models, when a gas and a solid phase are considered as interpenetrat-
ing interacting solid media, a mathematical model is suggested constructed with the aid of equations for the second
moments of the pulsation velocities of particles with allowance for the turbulent and pseudoturbulent mechanisms of
solid phase momentum transfer. To calculate the pulsation characteristics of the carrier medium, a modified one-pa-
rameter model of turbulence is used which takes into account the influence of particles [4].

Basic Equations. The system of equations that describes the behavior of the ascending gas suspension flow,
in the approximation of a two-phase turbulent boundary layer in a circular tube, has the form

∂ (ρgug)
∂z

 + 
∂ (rρgvg)

r∂r
 = 0 , (1)

∂ (βup)
∂z

 + 
∂ [r (βvp + �β′vp′ �)]

r∂r
 = 0 , (2)
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 − ρg (εg + εp) + Gg , (6)

Bg = 2π ∫ 
0

R

ρgugrdr , (7)

where

�β′vp′ � = − Lp 
∂β
∂r

 ;   �up′ vp′ � = − ηt,p 
∂up

∂r
 ;

�ug′ vg′ � = − ηt,g 
∂ug

∂r
 ;   Far = 

ρpβ
τ

 (vg − vp) ;   Faz = 
ρpβ

τ
 (ug − up) .

In continuity equations (1) and (2) the convective and pulsation transfer of a substance in the axial and radial
directions is taken into account. On the right-hand side of the equation of gas motion (3) there are viscous and
Reynolds stresses, a pressure gradient, and the inverse effect of particles on the gas. In (4) and (5), the turbulent
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stresses, gravity forces and the forces of interphase interaction, as well as the centrifugal force appearing due to the
transversal pulsations of the velocity of particles, are taken into account. On the right-hand side of Eq. (6) the first
term characterizes the molecular and turbulent transfer of pulsation energy and the second term describes its generation
at the expense of the energy of averaged motion, the third term accounts for its dissipation due to the viscosity of the
gas phase and of the particles present in it, and the last term characterizes the generation of turbulent energy in the
wakes behind the particles.

Equations of Transfer of Second Moments. To close the system of equations (1)–(7), it is necessary to de-
termine the unknown second moments �vp′

2 � and �wp′ wp′ � that in turn depend on the Reynolds stresses �wp′ vp′ � and
�up′

2 � (see below). To calculate the indicated variables, a specially developed technique of calculation is used based on
the construction of the equations of transfer of unknown correlations [5]. According to this technique, the third mo-
ments in the equations for double correlations can be found from the truncated equations of transfer of the third mo-
ments. Equations for the third-order correlations are closed on the basis of Millionshchikov’s hypothesis that presumes
the equality to zero of the fourth-order cumulants and represents the fourth moments in these equations as a sum of
the products of second moments. This approach allows one to obtain, from the equations for third moments, algebraic
relations that express third-order correlations in terms of the second moments and their gradients [5]. Based on this
technique, in the approximation of a narrow channel a closed description of momentum transfer in a dispersed phase
was obtained at the level of the equations for the second moments of the pulsation velocities of particles:
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Mixed correlation moments of the second order (gas–particle) present in Eqs. (8)–(11) are determined in terms
of the correlations of the carrier flow in a locally homogeneous approximation according to the recommendations given
in [4].

The system of equations (8), (9), and (11) is indeterminate, since it contains additional terms of nonturbulent
origin (the last terms of the equations) that describe the generation Gp and dissipation D of the pseudoturbulent energy

Fig. 1. Toward calculation of the averaged effect of a single impact of mono-
disperse particles: a) impact geometry; b) scheme of motion of two monodis-
perse particles before an impact; c) midsection; d) scheme for determining the
relative pulsation velocity of particles.
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of the solid phase caused by interparticle collisions due to the averaged and pulsation movement of particles. These
terms cannot be computed by the traditional methods of turbulence theory, since the pulsations related to interparticle
collisions depend mainly on the random position of the unit vector e (Fig. 1a) directed along the impact line at the
given velocity of interacting particles [6].

Generation of Pseudoturbulence. To calculate generation Gp it is first of all necessary to determine the av-

erage value of the pseudoturbulent energy acquired by particle 1 as a result of its collision with particle 2. We make
the following assumptions: 1) the particles participate in the averaged motion with velocities up and vp (with

vp << up), therefore we will restrict ourselves to the consideration of only averaged longitudinal velocities of particles,

i.e., the vectors V1 and V2 are parallel to the z axis; 2) the particles participate in a random motion, the characteristic

velocity of which is equal to �Vp′
2
 �0.5 = √⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯�vp′

2 � + �wp′
2 � + �up′2 � , with �Vp′

2
 �0.5 << up, and the three-dimensional distri-

bution of the vector Vp′  is spherically symmetrical; 3) the main reasons for the collisions are: the difference between

the longitudinal averaged velocities of the particles that arrived at the point of interaction X from certain points T and

Y (Fig. 1b) and pulsations of Vp′ . It is assumed that ⏐TX⏐ = ⏐YX⏐ = Mp = 
δ

6√⎯⎯2 β
, and the distribution of the direc-

tions of the vectors TX and YX is equiprobable; 4) we consider the particles to be solid homogeneous spheres; 5) the
rotation of the particles is not taken into account, and 6) only binary collisions are considered.

We will analyze the dynamics of a single collision of particles 1 and 2. According to [7], the translational
velocity of particle 1 after its collision with particle 2 is equal to

Vp1
0

 = Vp1 + Qψ2,1 (Vp2 − Vp1) + Aψ2,1 ⎡⎣e (Vp2 − Vp1)⎤⎦ e ,

(12)

A = 1 − Kn − 
2 (1 − Kτ)

7
 ,   Q = 

2 (1 − Kτ)
7

 ,   Kn < 0 .

We will project Eq. (12) onto the r axis (see Fig. 1a, c)

vp1
0

 = Aψ2,1 (up2 − up1) sin θ cos θ sin ϕ , (13)

sin θ = 
√⎯⎯⎯⎯⎯d2 − b2

d
 ,   cos θ = 

b

d
 ,   b = OW ,   d = OH = 

δ1 + δ2
2

 ,   ψ2,1 = 
m2

m1 + m2
 . (14)

We will integrate the square of expression (13) with allowance for (14) over the south hemisphere, assuming that the
probability of intersection of any element of the midsection area of particle 1 by particle 2 is proportional only to the
area of this element (i.e., particle 1 is bombarded uniformly). As a result

�(vp1
0 )2� = 

4

πd
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2
 ∫ 
0

π
2
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2
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d
⎛
⎜
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⎞
⎟
⎠
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⎛
⎜
⎝

b

d

⎞
⎟
⎠

2
⎤
⎥
⎦
 bdb = 

[Aψ2,1 (up2 − up1)]2

12
 . (15)

It can be easily seen that �(vp1
0 )2� = �(wp1

0 )2� (by virtue of the symmetry of the problem about the z axis). It
should be noted that the average value (rather than the square) of the transverse velocity after an impact is equal to
zero. However, the calculation of the average longitudinal velocity of particle 1 yields a result that differs from zero.
Let us project Eq. (12) on the z axis:

up1
0

 = up1 + (Q + A sin
2
 θ) ψ2,1 (up2 − up1) . (16)

Integrating Eq. (16) subject to Eq. (14), we obtain
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The value of the axial component of the pseudoturbulent energy associated with the longitudinal motion and
acquired by particle 1 as a result of a single impact is

�(up1
0

 − �up1
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πd
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12
 . (18)

Thus, from Eqs. (15) and (18) it is seen that generation of pseudoturbulent energy due to the difference of
the averaged longitudinal velocities of colliding particles is spherically symmetrical. According to the assumptions

made, we should use Mpr 
∂up

∂r
 in Eqs. (15) and (18) instead of up2 − up1, where Mpr = Mp

 ⁄ 2 is the average projection

of the segment ⏐TY⏐ on the r axis over all the possible directions of the vectors TX and YX (Fig. 1b). Then, with

allowance for ψ2,1 = 0.5, Eqs. (15) and (18) will be transformed to give

�(up
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0�)2�
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 . (19)

Dissipation of Pseudoturbulence. To calculate the dissipation of pseudoturbulent energy of a solid phase in
the direction of the r axis, it is necessary to determine the total energy losses by both colliding particles. We will as-
sume that the vector of the relative pulsation velocity of particles Vp2,1

′  = Vp2
′  − Vp1

′  is parallel to the z axis (this must
not change the character of the dependence of the dissipation of the pseudoturbulent energy of particles on Kn and
Kτ). Using Eq. (12), we find the values of (vp1′

0)2 for two versions: 1) Kn = −1 and Kτ = 1 (an absolutely elastic im-
pact of particles with absolutely smooth surfaces (the energy is preserved)):

⎛
⎝
vp1′
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2
 = 4ψ2,1

2
 �⏐Vp2′  − Vp1′ ⏐�2

 sin
2
 θ cos

2
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2) Kn ≠ − 1 and Kτ ≠ 1 (dissipation of turbulent energy takes place):
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By averaging the difference between the quantities (vp1′
0)I

2 − (vp1′
0)II

2  subject to (14), (20), and (21) over the en-
tire range of change of the parameters b and ϕ, we obtain an expression to determine the total losses of the random
energy by both colliding particles:
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We note that Eq. (22) can be obtained from (15) if we replace up2 − up1 in it by �⏐Vp2
′  − Vp1

′ ⏐� and then,
using the expression obtained, we find the difference between the values for two cases: Kn = −1, Kτ = 1 and
Kn ≠ − 1, Kτ ≠ 1.

To find the value of the quantity �⏐Vp2
′  − Vp1

′ ⏐� figuring in Eq. (22), we use the known values of ⏐Vp2
′ ⏐

and ⏐Vp1
′ ⏐ and fix the position of the vector Vp2

′  (Fig. 1d). Here, the point n may occupy any position on the sphere,

i.e., the vector of the random velocity Vp1
′  may have any direction, with these directions being distributed uniformly

(⏐Vp2
 ′ ⏐ > ⏐Vp1

 ′ ⏐). Having averaged the expression ⏐Vp2
′  − Vp1

′ ⏐ = √⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏐Vp2
′ ⏐2 + ⏐Vp1

′ ⏐2 − 2⏐Vp2
′ ⏐⏐Vp1′ ⏐ cos ω  over the

sphere (see Fig. 1d), we have
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 . (23)

When ⏐Vp2
′ ⏐ < ⏐Vp1

′ ⏐, �⏐Vp1
′  − Vp2

′ ⏐� = ⏐Vp1
′ ⏐ + ⏐Vp2

′ ⏐
2

3⏐Vp1
′ ⏐

.

Frequency of Collisions. Further we must calculate the sum frequency of NΣ collisions of monodisperse par-

ticles. It includes the frequency Nm originating due to the difference between the averaged axial velocities of particles

and the frequency Nh owing its origin to the random motion of particles. Reasoning like in [7], we assume that par-

ticle 1 undergoes collisions with particles 2 whose centers at the beginning of the time interval dt are located inside

the cylinder with the side ⏐up2 − up1⏐ dt and base π(δ1 + δ2)2 ⁄ 4. Is is assumed that such a cylinder is connected with

each particle 1. Then the frequency of the collisions of particles that owe their origin to the difference between their

averaged axial velocities, with allowance for the number density of the dispersed phase 
6β2

πδ2
3, will be equal to

Nm = 
3 (δ1 + δ2)2

 ⏐up2 − up1⏐ β2

2δ2
3  . (24)

In view of the adopted scheme of motion and interaction of monodisperse particles we transform Eq. (24) using rela-

tions up2 − up1 = Mpr 
∂up

∂r
, Mpr = 

δ
12√⎯⎯2 β

, and δ1 − δ2. As a result we have

Nm = 

6βMpr 
⎪
⎪
⎪

∂up

∂r

⎪
⎪
⎪

δ
 = 

1
2√⎯⎯2

 
⎪
⎪
⎪

∂up

∂r

⎪
⎪
⎪
 . (25)

To calculate the value of Nh the expression Mpr 
∂up

∂r
 in Eq. (25) should be replaced by Eq. (23) provided that

⏐Vp2
′ ⏐ = ⏐Vp1

′ ⏐. As a result

Nh = 
8β
δ

 √⎯⎯⎯⎯�Vp
′2 �  . (26)
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To determine the frequency NΣ, we sum "geometrically" the known values of Nm and Nh with allowance for
the fact that the difference between the averaged velocities that leads to collisions Nm is parallel to the z axis, whereas
the difference between the random velocities may have any direction, and these directions are distributed equiprobably.
Then the value of NΣ can be found similarly to (23):

NΣ = 

⎧

⎨

⎩

⎪
⎪

⎪
⎪

Nm + 
Nh

2

3Nm
 ,     Nm > Nh ;

Nh + 
Nm

2

3Nh
 ,     Nh ≥ Nm .

(27)

Using Eqs. (12), (14), (19), (22), (23), and (27) at δ1 = δ2 and ⏐Vp2
′ ⏐ = ⏐Vp1

′ ⏐, we can easily calculate the rates of
generation and dissipation of the turbulent energy:

Gpr = 

⎡
⎢
⎣

1 − Kn
2

 − 
1 − Kτ

7

⎤
⎥
⎦

2

 δ2

6912β
 
⎛
⎜
⎝

∂up

∂r

⎞
⎟
⎠

2

 NΣ ,   Gpr = Gpϕ = Gpz ;

Dr = C 

8 
⎡
⎢
⎣
1 − 

⎛
⎜
⎝

1 − Kn

2
 − 

1 − Kτ
7

⎞
⎟
⎠

2
⎤
⎥
⎦
 �Vp′

2 � βNΣ

27
 ,   Dr = Dϕ = Dz . (28)

Boundary Conditions and the Algorithm of Calculations. The boundary conditions on the flow axis for
Eqs. (1)–(6) and (8)–(11) are prescribed from considerations of symmetry (r = 0)

∂ug

∂r
 = 

∂kg

∂r
 = 

∂β
∂r

 = vg = vp = 0 ,

∂up

∂r
 = 

∂ �vp′ vp′ �
∂r

 = 
∂ �wp′ wp′ �

∂r
 = 

∂ �up′ up′ �
∂r

 = 
∂ �wp′ vp′�

∂r
 = 0 ,

(29)

and on the channel wall (r = R) by the relations

vp = ug = kg = 
∂β
∂r

 = 0 ,   up = 
δ

24√⎯⎯2  β (1 − Kτ)
 
⎛
⎜
⎝

∂up

∂r

⎞
⎟
⎠
 (7Kn − 2Kτ − 5) ,

�vp′ vp′ � = 
Knδ

12√⎯⎯2  β (1 + Kn)
 
⎛
⎜
⎝

∂ �vp′ vp′ �
∂r

⎞
⎟
⎠
 ,   �wp′ wp′ � = 

⎡
⎢
⎣
Kn − 

(5 + 2Kτ)
2

49

⎤
⎥
⎦
 δ

12√⎯⎯2  β 
⎡
⎢
⎣
1 − 

(5 + 2Kτ)
2

49

⎤
⎥
⎦

 
⎛
⎜
⎝

∂ �wp′ wp′�
∂r

⎞
⎟
⎠
 , (30)

�wp′ vp′ � = 
Kn (6 + Kτ) δ

6√⎯⎯2  β [7 + Kn (5 + 2Kτ)]
 
⎛
⎜
⎝

∂ �wp′ vp′ �
∂r

⎞
⎟
⎠
 ,   �up′ up′ � = 

⎡
⎢
⎣

(5 + 2Kτ)
2

49
 − Kn

⎤
⎥
⎦
 δ

12√⎯⎯2  β 
⎡
⎢
⎣

(5 + 2Kτ)
2

49
 − 1

⎤
⎥
⎦

 
⎛
⎜
⎝

∂ �up′ up′ �
∂r

⎞
⎟
⎠
 .
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The complete system of equations (1)–(6) and (8)–(11) with boundary conditions (29) and (30) contains equa-
tions of three types. The parabolic equations (2)–(4), (6), and (8)–(11) and hyperbolic equation (5) were integrated by
the method of right and left pivots on a nonuniform grid made finer toward the wall. Here, to solve the system (2)–
(4), (6), and (8)–(11), the method of iterations was used, whereas for the first-order equation (5) the use of iterations
was not needed. The continuity equation of the carrier medium (1) is approximated by an implicit four-point scheme.
According to the proposed algorithm a program to calculate two-phase flows has been developed.

Some Results of Calculations. The predicted data as compared to experimental ones [2, 8–10] and models [2,
11] is illustrated by Figs. 2–11, where the profiles of the averaged and pulsation characteristics of an isothermal gas-
disperse flow are presented. In Figs. 2–4 the results of calculation of a turbulent gas flow and of monodisperse plastic
spherical particles in a vertical tube over a stabilized length are compared with the experimental data of [8] at ρp =
1020 kg ⁄ m3, R = 15 mm: ug.m = 14–15.6 m ⁄ sec, δ = 0.2 mm; ug.m = 8 m ⁄ sec, δ = 0.5 mm; ug.m = 15.3–16
m ⁄ sec, δ = 3 mm. It is seen that in the entire range of the effective concentration of particles, their sizes, and of sec-
tion-averaged velocity of the carrier medium ug.m, the model adequately describes the experimental data [8]. Here, the
dynamics of the rearrangement of the profile of ug(r) (the displacement of the maximum of ug(r) from the axis into
the wall region) depending on the value of χ is seen (Fig. 3, curves 1 and 2 are compared). This is associated first
of all with the change in the character of the distribution of β(r) and �vp′ vp′ �(r), �wp′ wp′ �(r).

Figure 5 demonstrates the profiles of the dispersed phase concentration and of normal Reynolds stresses
�vp′ vp′ �(r) and �wp′ wp′ �(r) at ug.m = 8 m ⁄ sec, δ = 0.5 mm, ρp = 1020 kg ⁄ m3, R = 15 mm, χ = 1.1, 3.6 (ascending
motion) [8] and ug.m = 20 m ⁄ sec, δ = 0.138 mm, ρp = 3960 kg ⁄ m3, R = 8 mm, χ = 4.7 (a horizontal flow) [9]. It
is seen that at small values of χ, χ = 1.1, the bulk concentration of particles is virtually uniformly distributed over the
flow cross section (curve 4), whereas at a maximum flow rate of the solid phase Bp = 97.1 kg ⁄ h (χ = 3.6) the be-
havior of the β(r) curve changes sharply (a maximum on the flow axis and minimum in the peripheral zone (curve
1)). The change in the character of the function β(r) occurs due to the decrease in the pulsation energy of the solid
phase (curves 2, 3, and 5, 6 are compared), because of the increase in the rate of dissipation of the pseudoturbulent
energy of particles (see Eq. (28)), which in turn leads to a decrease in the intensity of their mixing. Since the maxi-
mum of the function β(r) is on the tube axis, the interphase interaction force Faz in the axial zone is greater than in
the peripheral region, and therefore the carrier medium velocity decreases near the axis and increases in the wall re-
gion.

Fig. 2. Profiles of averaged axial velocities of the gas and particles in com-
parison with the experimental data of [8]: 1) ug

 ⁄ ug(r=0); 2) up
 ⁄ ug(r=0), χ = 4.2,

δ = 0.2⋅10−3 m; 3) up
 ⁄ ug(r=0), χ = 3.6, δ = 0.5⋅10−3 m; 4) up

 ⁄ ug(r=0), χ = 3,
δ = 3⋅10−3 m.

Fig. 3. Distribution of averaged longitudinal velocities of the gas and particles
over the cross section of an ascending flow in comparison with the experimen-
tal data of [8]: 1) ug

 ⁄ ug(r=0), χ = 3.6, δ = 0.5⋅10−3 m; 2) ug
 ⁄ ug(r=0), χ = 2,

δ = 0.5⋅10−3 m; 3) up
 ⁄ ug(r=0), χ = 2, δ = 0.2⋅10−3 m; 4) up

 ⁄ ug(r=0), χ = 2,
δ = 0.5⋅10−3 m; 5) up

 ⁄ ug(r=0), χ = 2.2, δ = 3⋅10−3 m.
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Fig. 4. Distribution of averaged axial velocities of gas and particles over the
ascending flow cross section in comparison with the model of [11] and experi-
mental data of [8]: 1) ug

 ⁄ ug(r=0), χ = 1, δ = 3⋅10−3 m; 2) up
 ⁄ ug(r=0), χ = 1,

δ = 0.2⋅10−3 m; 3) up
 ⁄ ug(r=0), χ = 1.1, δ = 0.5⋅10−3 m; 4) up

 ⁄ ug(r=0), χ = 1.1,
δ = 0.5⋅10−3 m [11]; 5) up

 ⁄ ug(r=0), χ = 1, δ = 3⋅10−3 m; 6) up
 ⁄ ug(r=0), χ = 1,

δ = 3⋅10−3 m [11].

Fig. 5. Distribution of the bulk concentration of dispersed phase and of second
moments of the pulsations of the velocities of particles over the flow cross
section: 1) β;  2) �wp′ wp′ �;  3) �vp′ vp′ �, χ =  3.6,  δ =  0 .5⋅10−3 m; 4) β;
5) �wp′ wp′ �; 6) �vp′ vp′ �, χ = 1.1, δ = 0.5⋅10−3 m; 7) �wp′ wp′ �; 8) �vp′ vp′ �, χ =
4.7, δ = 0.138⋅10−3 m.

Fig. 6. Profiles of averaged longitudinal velocities of the gas and particles in
comparison with the model of [11] and experimental data of [9]: 1) ug

 ⁄ ug(r=0),
χ = 0.34, δ = 0.088⋅10−3 m; 2) up

 ⁄ ug(r=0), χ = 0.35, δ = 0.044⋅10−3 m;
3) up

 ⁄ ug(r=0), χ = 0.35, δ = 0.044⋅10−3 m [11]; 4) up
 ⁄ ug(r=0), χ = 0.34, δ =

0.088⋅10−3 m [11]; 5) up
 ⁄ ug(r=0), χ = 0.34, δ = 0.088⋅10−3 m.

Fig. 7. Distribution of the averaged longitudinal velocities of the gas and par-
ticles over the horizontal flow cross section in comparison with the experimen-
tal data of [9]: 1) ug

 ⁄ ug(r=0);  2) up
 ⁄ ug(r=0), χ = 0.34, δ = 0.032⋅10−3 m;

3) up
 ⁄ ug(r=0), χ = 4.7, δ = 0.138⋅10−3 m.
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Figures 6–8 compare the results of calculation of air flow with corundum particles ρp = 3960 kg ⁄ m3 in a
horizontal steel tube with experimental data of [9]: δ = 0.032, 0.044, 0.088 mm, χ = 0.34, 0.35, R = 16.8 mm, ug.m
= 45 m ⁄ sec; δ = 0.138 mm, χ = 0.65, 3, 4.7, R = 8 mm, ug.m = 20 m ⁄ sec. It is seen from the figures that the slip
velocity of phases ug(r) − up(r) changes substantially over the tube section: it is almost constant in the flow core but
decreases closer to the wall and changes sign at a certain distance from it (Fig. 6, curves 1 and 5; Fig. 7, curves 1
and 2; Fig. 8, curves 1 and 4). It should be noted that with increase in the size of particles from 0.032 to 0.088 mm
the profile of up(r) becomes steeper (Fig. 6, curve 4; Fig. 7, curve 2).

The character of the velocity distribution of particles δ = 0.138 mm is virtually independent of the solid phase
flow rate Bp, but with increase in χ, χ = 0.65–4.7, the section-averaged velocity of the dispersed phase increases as a

Fig. 8. Profiles of averaged longitudinal velocities of the gas and particles in
comparison with the experimental data of [9, 10]: 1) ug

 ⁄ ug(r=0), χ = 0.65, δ =

0.138⋅10−3 m; 2) up
 ⁄ ug(r=0), χ = 6, δ = 0.067⋅10−3 m; 3) up

 ⁄ ug(r=0), χ = 3, δ =

0.138⋅10−3 m; 4) up
 ⁄ ug(r=0), χ = 0.65, δ = 0.138⋅10−3 m.

Fig. 9. Distribution of averaged axial velocities of the gas and particles δ =

0.067⋅10−3 m over the horizontal flow cross section in comparison with the ex-
perimental data of [10]: 1) ug

 ⁄ ug(r=0), χ = 14;  2) ug
 ⁄ ug(r=0), χ =  1.9;

3) up
 ⁄ ug(r=0), χ = 14; 4) up

 ⁄ ug(r=0), χ = 1.9.

Fig. 10. Distribution of the bulk concentration and axial component of the en-
ergy of random motion of particles over the flow cross section in comparison
with the experimental data of [2, 9] and model of [2]: a) 1) β ⁄ β(r=0), χ = 0.34,

δ = 0.032⋅10−3 m; 2) √⎯⎯⎯⎯⎯⎯�up′ up′ �  ⁄ ug(r=0), χ = 1, δ = 0.2⋅10−3 m; b) 1) β ⁄ β(r=0),

χ = 0.34, δ = 0.088⋅10−3 m; 2) √⎯⎯⎯⎯⎯⎯�up′ up′ �  ⁄ ug(r=0), χ = 3.2, δ = 0.2⋅10−3 m; c) 1)

β ⁄ β(r=0), χ =  0.35, δ = 0.044⋅10−3 m; 2) √⎯⎯⎯⎯⎯⎯�up′ up′ �  ⁄ ug(r=0), χ =  4 .2, δ =

0.2⋅10−3 m; 3) √⎯⎯⎯⎯⎯⎯�up′ up′ �  ⁄ ug(r=0), χ = 4.2, δ = 0.2⋅10−3 m [2].
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result of which the phase slip velocity ug(r) − up(r) decreases (Fig. 7, curve 3; Fig. 8, curves 3 and 4). In contrast to
the ascending gas suspension flow (δ = 0.5 mm), where the values of the pulsation energy components of the dis-
persed phase �wp′ wp′ � and �vp′ vp′ � are close, in the given case (δ = 0.138 mm) the energy field of the random motion
of the solid phase is substantially anisotropic (Fig. 5, curves 2, 3 and 7, 8 are compared).

Figure 6 compares the results of calculation by the proposed technique with the model of [11] (curves 2 and
3, 4 and 5 are compared). It is seen that the present technique describes experimental data more accurately [9].

Figures 8 and 9 compare the results of calculation of air flow with spherical bronze particles in a horizontal
axisymmetric stainless steel channel with the experimental data of [10]: δ = 0.067 mm, χ = 1.9, 6, 14, ρp = 8500
kg ⁄ m3, R = 8 mm, ug.m = 30.5 m ⁄ sec. Just as in the case of the ascending flow of large (but light) plastic particles
with δ = 0.5 mm (Fig. 3, curves 1 and 2), here too one sees a clear dependence of the value of ug on the parameter
χ, with increase of which the velocity profile of the carrier medium undergoes similar deformation (Fig. 9, curves 1
and 2 are compared).

Figures 10 and 11 present calculated values of the axial component of the pulsation energy of particles (δ =
0.2⋅10−3 m; χ = 1, 1.3, 3.2, 4.2) and bulk concentration of the dispersed phase (δ = 0.032, 0.044, 0.088 mm, χ =
0.34, 0.35) in comparison with the experimental data of [2, 9] and with the model described in [2]. It is seen that in
the entire range of change of the parameters χ, δ, ρp, R, and ug.m the model adequately describes the experimental
data of [2, 9]. The results of calculations show that the energy of the random motion of particles exceeds the turbulent
energy of the gas except for the near-wall zone. With increase in the value of χ the random energy in the axial zone
decreases due to the increase in the concentration of particles β in this zone, whereas in the peripheral zone a certain
decrease in the pulsation energy of the solid phase is observed (Fig. 10a, c, curves 2 are compared).

Conclusions. Thus, the model proposed in the present work takes into account the turbulent and pseudoturbu-
lent mechanisms of momentum transfer of particles. It allows one to correctly describe the behavior of a two-phase
flow in a wide range of change of the parameters χ, δ, ρp, R, and ug.m. The results of numerical investigations can
be of use in calculations of technical facilities intended for pneumatic transportation of loose materials.

NOTATION

A, coefficient; B, flow rate, kg ⁄ sec; b, distance between the vectors of the axial velocities of particles at the
moment of impact, m; C, empirical constant; D, dissipation of the pseudoturbulent energy, m2 ⁄ sec3; d, radius of col-
lision cross section, m; e, unit vector; F, force, kg ⁄ (sec2⋅m2); G, generation of turbulent (pseudoturbulent) energy,
kg ⁄ (sec3⋅m) for Gg and m2 ⁄ sec3 for Gp; , free fall acceleration, m ⁄ sec2; K, coefficient of velocity recovery in im-
pact; k, kinetic pulsation energy, m2/sec2; L, diffusion coefficient, m2 ⁄ sec; M, mean free path of a particle between
successive collisions, m; m, mass of a particle, kg; N, frequency of impacts, 1 ⁄ sec; n, number density of dispersed
phase; OH = d; OW, projection of radius d on midsection, m; P, gas pressure, N ⁄ m2; Q, coefficient; R, channel ra-
dius, m; r and z, radial and longitudinal coordinates, m; t, time, sec; TX, TY, YX, vectors; u, v, w, averaged compo-
nents of the velocity vector, m ⁄ sec; V, vector of particle velocity; β, true bulk concentration of particles; δ, diameter
of a particle, m; ε, dissipation of pulsation energy of a gas, m2 ⁄ sec3; η, kinematic viscosity, m2 ⁄ sec; θ, ϕ, ω, ζ, an-

Fig. 11. Distribution of the axial component of the energy of random motion
of particles √⎯⎯⎯⎯⎯⎯�up′ up′ �  ⁄ ug(r=0) (1) over the ascending flow cross section in com-
parison with the experimental data of [2] (2) and model of [2] (3) at χ = 1.3,
δ = 0.2⋅10−3 m.
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gles; ξ, coefficient of aerodynamic resistance of a particle; ρ, density, kg ⁄ m3; τ, time of dynamic relaxation, sec; ψ,
coefficient; χ, Bp

 ⁄ Bg, effective concentration of dispersed phase; σ, empirical constant. Subscripts and superscripts: a,
aerodynamic resistance of a particle; g, gas; h, random motion; k, kinetic pulsation energy of a gas; m, mean value;
max, limiting value; n, normal; p, particle; t, turbulent pulsations; τ, tangential; ϕ, transversal coordinate; 1, 2, numbers
of particles; I, II, numbers of variants; ′, pulsation component in time averaging; � �, averaging in time (space).
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